There are known several exact results on the crossing numbers of Cartesian products of cycles with "small" graphs. In this paper we summarise known results and we give the crossing number of the Cartesian product H × C n for the specific 5-vertex graph H.
Introduction
Let G be a simple graph with vertex set V and edge set E. The crossing number cr(G) of a graph G is the minimum possible number of edge crossings in a drawing of G in the plane. It is implicit that the edges in a drawing are Jordan arcs (hence, nonself-intersecting), and it is easy to see that a drawing with the minimum number of crossings (an optimal drawing) must be a good drawing; that is, each two edges have at most one point in common, which is either a common end-vertex or a crossing. For a detailed account concerning this topic, the reader is referred to [7, 20] . Let D be a good drawing of the graph G. We denote the number of crossings in D by cr D (G) . Let G i and G j be edge-disjoint subgraphs of G. We denote by cr D (G i Let C n be the cycle with n vertices. Determining the crossing numbers of Cartesian products (for a definition of Cartesian product see [7] ) of two cycles or of cycles and small graphs has received a good deal of attention. Harary et al. [8] conjectured that the crossing number of C m × C n is (m − 2)n, for all m, n satisfying 3 m n. Progress toward a possible proof of the conjecture has come slowly. The conjecture has been proved only for m, n satisfying n m, m 7 [1] [2] [3] [4] [5] 8, 15, 16, 18] . It was recently proved by Glebsky and Salazar [6] that the crossing number of C m × C n equals its long-conjectured value at least for n m(m + 1). General lower bounds within a constant multiplicative factor of the conjectured value for cr(C m × C n ) were only proved recently in [10, 19] . It is proved in [10] that cr(C m × C n ) 1 9 mn and in [19] that cr(C m × C n ) 1 2 (m − 2)n. The crossing numbers of the Cartesian products of cycles and all graphs of order four are determined in [4, 9] . It thus seems natural to enquire about the crossing numbers of the products of E-mail address: Marian.Klesc@tuke.sk (M. Klešč). 1 The research was supported by the Slovak VEGA Grant no. 1/0424/03. 5-vertex graphs with cycles. Except the above-mentioned result cr(C 5 × C n ) = 3n [15, 17] , in [11] it is shown that cr(K 1,4 × C 3 ) = 2, cr(K 1,4 × C 4 ) = 4, cr(K 1,4 × C 5 ) = 8, and cr(K 1,4 × C n ) = 2n for n 6. Let G be the 5-vertex graph obtained from K 5 by removing three edges incident with a common vertex. It is shown in [12] that the crossing number of G × C n is 3n for even n or 3n + 1 if n is odd. In [14] the upper bound of 4n for the crossing number of K 2,3 × C n for any n 4 is given and it is proved that the crossing number of K 2,3 × C 3 is 9.
Consider the graph H * obtained from the graph K 4 by removing two adjacent edges. Let H be the 5-vertex graph defined from K 5 by removing the edges of the considered graph H * . The purpose of this paper is to extend the earlier results to the Cartesian product of H and a cycle C n , showing that cr(H × C 3 ) = 7 and that in the general case the corresponding crossing number is 3n for n 4.
The graph H × C n
We assume n 3 and find it convenient to consider the graph H × C n in the following way: it has 5n vertices and edges that are the edges in the n copies H i , i = 0, 1, . . . , n − 1, and in the five cycles of length n. Furthermore, we call the former edges red and the latter ones blue. For i = 0, 1, . . . , n − 1, let a i and b i be the vertices of degree two, p i the vertices of degree four, q i the vertices of degree three, and f i the vertices of degree one of the subgraph H i (see Fig. 1 ). Thus, for x ∈ {a, b, p, q, f }, the n-cycle C x n is induced by the vertices x 0 , x 1 , . . . , x n−1 . For i = 0, 1, . . . , n− 1, let P i denote the subgraph of H × C n induced by five blue edges joining H i−1 to H i , i taken modulo n. For every i, we denote by K i the subgraph of H i induced by the vertices a i , b i , p i , and q i .
Let T x , x = a, b, be the subgraph of the graph H × C n induced by the edges incident with the vertices of C x n , let F be the subgraph of H × C n induced by the edges incident with the vertices of C In a drawing of H × C n , we say that a cycle C separates the vertices of a subgraph G not containing vertices of C if the vertices of G are contained in different components of R 2 \C. In this paper, we will often use the term "region" also in nonplanar drawings. In this case, crossings are considered to be vertices of the "map".
We say that a good drawing of H × C n is coherent if each H i (whether or not it has internal crossings) has the property that all other vertices of the graph lie in the same region in the view of the subdrawing of H i . The drawing of the graph H × C n in Fig. 1 gives an upper bound of 3n for the crossing number of H × C n for n 3. Fig. 2 shows the drawing of H × C 3 with seven crossings; hence, for n = 3, the crossing number of H × C n is less than 3n. In the next section, we give the crossing numbers of H × C n for n = 3 and 4. The second result will be used in Section 4 as basic step for induction on n.
The crossing numbers of H × C 3 and H
Proof. By deleting the vertices of C f 3 (and the edges incident with the vertices of C f 3 ) from the graph H × C 3 we obtain the graph with crossing number six (see [13] ). Thus, the crossing number of the graph H × C 3 is at least six. Assume there is a drawing of H × C 3 with six crossings and let D be such a drawing. By the assumption, no edge of the subgraph F is crossed in D. Moreover, since deleting the vertices of C f 3 and of the edges of F ∪ I from H × C 3 results in a graph isomorphic to C 4 × C 3 with crossing number four (see [18] ), in D there are at most two crossings on the edges of the subgraph I.
Consider Fig. 1 shows that the crossing number of the graph H × C 4 is at most 12. To show the reverse inequality, the next lemma will be useful. In the opposite case by deleting the vertices of C f 4 and the edges of F ∪I from the graph H ×C 4 we obtain the drawing of the subgraph isomorphic to C 4 × C 4 with at most seven crossings. This is in contradiction with cr(C 4 × C 4 ) = 8 (see [5] ).
Lemma 1. If in a good drawing of
H × C n , n 3,
Property 2. Every subgraph H i has at most four crossings on its edges.
This can be seen from the following: deleting the edges of H i with more than four crossings results in the subdrawing of a subdivision of H × C 3 with less than seven crossings. This contradicts Theorem 1.
Property 3. No two edges of I cross each other in D.
This follows from Lemma 1 and Property 2. ) from the drawing D we obtain the drawing of the graph isomorphic (homeomorphic) to C 3 × C 4 with at most three crossings. This is in contradiction with cr(C 3 × C 4 ) = 4 (see [18] ). As there are at most three crossings on the edges of F ∪ I in D, there exists T x which crosses F ∪ I exactly once. Without loss of generality, let x = a. Suppose first that cr D (F, T a ) = 0. By Claim 1, the vertices q 0 , q 1 , q 2 , and q 3 lie in D in at most two regions of D . The only way to obtain it is that an edge of I, say {p i , q i }, crosses an edge of T a not belonging to C a 4 , say {p j , a j }, so that the vertices q i and q j are in the same region of the subdrawing D , see Fig. 4(b1) . As {q j , a j } does not cross either {p i , q i } or F, the triangle a j p j q j a j separates the vertices p i and q i in such a way that q i is inside and p i outside the subdrawing of a j p j q j a j , see Fig. 4(b2) . In this case, in D, the triangle a j p j q j a j is crossed by I, by C Proof. Suppose there is a good drawing of H c with less than three crossings in which both vertices r and s lie outside the subdrawing of K and let D be such a drawing. As D is good, the edges of K cannot cross more than once. Assume first that two edges of K cross each other. Then at least one of the subgraphs P r and P s does not cross the edges of K, otherwise D has more than two crossings. Without loss of generality, let cr D (K, P r ) = 0. Then the subdrawing of K ∪ P r induced by D divides the plane in such a way that there are at most two vertices of K on the boundary of one region outside K. It is easily seen that in D the edges of P s cross the edges of K ∪ P r at least two times, a contradiction.
Therefore, cr D (K) = 0. Assume now that at least one subgraph P r or P s , say P r , does not cross K in D. The subgraph of H c induced by the vertex r and all vertices of K is isomorphic to K 5 − e and its planar drawing is unique within isomorphism (see Fig. 5(a) ). As in this subdrawing there is no region outside K with more than two vertices of K on its boundary, the edges of P s incident with the vertices of K are crossed in D at least twice. Thus, in D, the edges incident with the vertex f are not crossed, and therefore f must be placed in one of two regions of the subdrawing shown in Fig.  5 (a) with both r and p on its boundary. Suppose f lies in the unbounded region and the edges {f, r}, {f, p}, and {f, s} are not crossed. So, the vertex s lies in D in one of the regions and shown in Fig. 5(b) . If s lies in the region , the edges joining s with vertices of K cross in D the cycle pf rp at least three times. If s lies in the region , in D the edge {s, q} crosses the boundary of the region and the edge {s, a} crosses the edge-disjoint cycles rb pf r and qrpq. In both cases there are at least three crossings in D. Hence, both subgraphs P r and P s cross in D the edges of K.
It follows from the conclusions above that cr D (P r , P s ) = 0. The unique subdrawing of P r ∪ P s without crossings in Fig. 6 shows that if both vertices r and s are in the unbounded region with respect to the subdrawing of K, then all edges of H lie in D inside open disc bounded in Fig. 6 by dotted cycle. It is easy to verify that this is not possible with less than three crossings. This completes the proof. (1) a crossing of blue edge in P i ∪ P i+1 with an edge of H i , (2) a crossing of a blue edge in P i with a blue edge in P i+1 , (3) a self-intersection in H i .
The total force of the drawing is the sum of f (Q i ). It is easily seen that a crossing contributes at most one to the total force of the drawing. 
